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Introduction



The origins of optimal transport

886° MEmoirEs DE L'AcADEMIE ROYALE

MEMOIRE

- SJUR L A
THEORIE DES DEBRLAIS
ET DES REMBLAIGS

T —rr——
Pr M. M ONGE.

Problem [Monge, 1781]

e How to move dirt from one place (déblais) to another (remblais) while minimizing
the effort ?

e Find a mapping m between the two distributions of mass (transport).

e Optimize with respect to a displacement cost ¢(x,y) (optimal).
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The origins of optimal transport

— Source Us — M(X)

—— Target u¢

e How to move dirt from one place (déblais) to another (remblais) while minimizing
the effort ?

— c(xy)

Problem [Monge, 1781]

e Find a mapping m between the two distributions of mass (transport).

e Optimize with respect to a displacement cost ¢(z,y) (optimal).
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Optimal transport (Monge formulation)

Distributions Quadratic cost c(x, y) = |x — y|?
— ¢(20,y)
—— c(40,y)
— ¢(60,y)
0 20 40 60 80 100 0 20 40 60 80 100
Xy y

Probability measures .. and p; on and a cost function ¢ : Qg x Q; — R™T.

e The Monge formulation [Monge, 1781] aim at finding a mapping m : Qs —
inf / c(x, m(x))pus (x)dx (1)
m#us=ne  Jq,

e Non convex problem because of the constraint m# s = pt.

[Brenier, 1991] proved existence and unicity of the Monge map for
c(z,y) = ||z — y||* and distributions with densities.

What about discrete distribution?
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Discrete distributions: Histogram vs Empirical

n n
Discrete measure:  pu = E aibx;, X;i €, E a; =1
i1 i=1

Eulerian (histograms) Lagrangian (point clouds, empirical)

e Fixed positions x; e.g. grid e Constant weight: a; = +

e Convex polytope %, (simplex): e Quotient space: Q", X,

{(ai)i > 0;37,a: =1}

Inspired from Gabriel Peyré
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Kantorovich relaxation

Y1
Y2

Y3

e Leonid Kantorovich (1912-1986), Economy nobelist in 1975
e Focus on where the mass goes, allow splitting [Kantorovich, 1942].

e Applications mainly for resource allocation problems
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Optimal transport with discrete distributions

Distributions Matrix C OT matrix y

[ Source s
I Target pg
E I

Kantorovitch formulation : OT Linear Program
When ps = 377" | aidxs and py = 37 bidye

Ty = argmin (T,C)p = ZTi,jCi,j
@7

TE (s, pt)

where C is a cost matrix with ¢; ; = ¢(x{,x}) and the marginals constraints are
(g, jie) = {T € (RT)"X"|T1,, =a,T71,, = b}

Linear program with nsn; variables and ns + n; constraints. Demo
12/32


http://127.0.0.1:7999/demo-ot

distributions

Distributions Matrix C OT matrix y
° t XS
°
oq °
o Joo® fo
@ Source s
o ® Target u;
o9
[
°
° ‘l‘
e ©

Kantorovitch formulation : OT Linear Program
When ps = 377" | aidxs and py = 37| bidye

Ty = argmin (T,C)p = ZTi,jCi,j
@7

TE (s, pt)

where C is a cost matrix with ¢; ; = ¢(x{,x}) and the marginals constraints are
(g, jie) = {T € RN XM T, =a,TT1,, = b}
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Optimal transport with discrete distributions

Distributions Matrix C OT matrix with samples

° 8 ®
L]
LY °
e oo fo
@ Source s
° @ Target u;
% 9
®3
]
° ‘K
e ©

Kantorovitch formulation : OT Linear Program
When ps = 371 | aidxs and py = 37 bidye

Ty = argmin (T,C)p = ZTi,jci,j
4]

TEe(ps,pt)

where C is a cost matrix with ¢; ; = ¢(x},x}) and the marginals constraints are
Mo, ) = {T € &)™ T1,, =2, T"1,, = b}

Linear program with nsn; variables and ns + n: constraints. Demo
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Wasserstein distance

Source distribution Divergences (scaled)

JR— Wll

— W

— h(1V)

— I, (sq. eucl.)

Target distributions

Wasserstein distance
WeGup) = _min [ ylPatxy)dxdy 2)
Qs X

YE (s, put)

In this case we have c(x,y) = ||x — y|?

e AK.A. Earth Mover's Distance (1) [Rubner et al., 2000].
e Do not need the distribution to have overlapping support.
e Works for continuous and discrete distributions (histograms, empirical).
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Regularized optimal transport
Ty = argmin (T, C) . + \T), (3) -
TeP

Regularization term Q(T')

e Entropic regularization [Cuturi, 2013]. [
e Group Lasso [Courty et al., 2016].

e KL, Itakura Saito, -divergences,
[Dessein et al., 2016].

o
Why regularize? 9 i
Il
o Smooth the “distance” estimation: ~
W(s, p) = (To,C) ,
e Encode prior knowledge on the data. .
_ . N o e |
o Better posed problem (strict convexity, stability). ﬂl.’
o Better statistical property (sample complexity). A

Fast algorithms to solve the OT problem
(Sinkhorn).
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Optimal transport for machine learning

Occurences of OT+ML in Google Scholar

500 -
WGAN : Arjovski et al.
400 A
Sinkhorn : Cutur
300 A
EMD : Rubner et al.
200 A
100 -

1990 1995 2000 2005 2010 2015

Short history of OT for ML

e Recently reintroduced to ML (well known in image processing since 2000s).
e Computational OT allow numerous applications (regularization).
e Deep learning boost (numerical optimization and GAN).
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Four aspects of Optimal Transport for
Machine Learning




Contributions on four aspects of optimal transport

Mapping with optimal transport

e Continuous mapping estimation
[Perrot et al., 2016, Flamary et al., 2019].

e Domain adaptation [Courty et al., 2016].

Divergence between histograms

e Invariant ground metric [Flamary et al., 2016].

e Wasserstein embeddings [Courty et al., 2018]

Divergence between empirical distributions

e Estimate discriminant subspace [Flamary et al., 2018].

e Domain adaptation [Courty et al., 2017].

Divergence between structured data
e Modeling labeled graphs as distributions.

e Fused Gromov-Wasserstein divergence [Vayer et al., 2018a].
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Domain Adaptation problem

Amazon oLsR
] ; ) W h W

Feature extraction l Feature extraction l

oA - A,

ility Distributi ions over the
Domain adaptation context
e Classification problem with data coming from different sources (domains).

e Distributions are different but related.
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Unsupervised domain adaptation problem

Amazon

ey

GO D

Fea.u.ee,..ac.ionl + Labels

>

Source Domain Target Domain
Problems
o Labels only available in the source domain, and classification is conducted in the
target domain.
o Classifier trained on the source domain data performs badly in the target domain
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Optimal transport for domain adaptation

Classification on transported samples

Optimal transport

Dataset

)0 )

Y 40 Samples T, (x) +0 Samples T, (x])
4 ; nples x!

: Samples x!

— Classifier on T, (x)

—— Classifier onx

Assumptions
e There exists an OT mapping T in the feature space between the two domains.

e The transport preserves the joint distributions:
Ps (xsv y) = Pt (T(XS)7 y)

3-step strategy [Courty et al., 2016]
1. Estimate optimal transport between distributions.

2. Transport the training samples on target domain.
3. Learn a classifier on the transported training samples.

Generalization results under assumptions above [Flamary et al., 2019].
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Learning from histograms

Distributions

images ature

=== classification

sparse '

learmn
linear prObl task g .

method

allows vector

Data as histograms

e Fixed bin positions x; e.g. grid, simplex A = {(,uz)z > 05>, i = 1}
e A lot of datasets comes under the form of histograms.
e Images are photo counts (black and white), text as word counts.

e Natural divergence is Kullback—Leibler.

Not all data can be seen as histograms (positivity+constant mass)!
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Optimal Spectral Transportation (OST)

80

60

(MIDI)

40

o

N
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dB
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2000 80

186 o5 10 15 20 25 30 35 40

Time (s)

OT linear spectral unmixing of musical data [Flamary et al., 2016]
in W Dh 4
min  We(v, Dh) (4)
e Objective : robustness to harmonic magnitude and small frequency shift
e Encode harmonic structure in the cost matrix (harmonic robustness).
e Can use simple dictionary (diracs on fundamental frequency).

e Very fast solver for sparse and entropic regularization.

Demo : https://github.com/rflamary/0ST
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Optimal Spectral Transportation (OST)

Harmonic cost C (log)
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OT linear spectral unmixing of musical data [Flamary et al., 2016]
in W Dh 4
min  We(v, Dh) (4)
e Objective : robustness to harmonic magnitude and small frequency shift
e Encode harmonic structure in the cost matrix (harmonic robustness).
e Can use simple dictionary (diracs on fundamental frequency).

e Very fast solver for sparse and entropic regularization.

Demo : https://github.com/rflamary/0ST
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Learning Wasserstein embeddings

— 0] —KLW(@(x1)), X1)

+

(p(xn) = pOx)* = WR(x1, %))

+

= v KL (9(x2)), x2)

Deep Wasserstein Embeddings [Courty et al., 2018]

e Learn a deep embedding ¢ and decoder 1) for histograms with fixed support.
e Siamese network for Wasserstein metric learning.

e The embedding mimics the behavior of Wasserstein in the original histograms.

Train a decoder to reconstruct the original histogram.

e Very fast computation of approximate Wasserstein distance and barycenters, PGA.
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Learning Wasserstein embeddings
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Deep Wasserstein Embeddings [Courty et al., 2018]

e Learn a deep embedding ¢ and decoder v for histograms with fixed support.
e Siamese network for Wasserstein metric learning.
e The embedding mimics the behavior of Wasserstein in the original histograms.

e Train a decoder to reconstruct the original histogram.

Very fast computation of approximate Wasserstein distance and barycenters, PGA.
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Empirical distributions A.K.A datasets

Art

\.ﬁﬂ i

Spoon Mug, en Kaife

Real World Product  Clipart

Empirical distribution

u:zn:alﬁxi, x; € €, zn:ai =1
i=1 i=1

e Training set of all machine learning approaches.

Two realizations never overlap.

e How to measure discrepancy?

e Wasserstein distance.
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Wasserstein Discriminant Analysis (WDA)

Original space Optimal projected space

01 x X% S A X
. £ o
x ¥ 2 X x
-2 x X x
-2 -1 0 1 2
’ W in entropic reg. OT loss.
, W P C7P c L] A P g
| 2o >e AP, PoUT ) S e, from
PEA o Wa(P#pue, P#puc) ® /i~ Is distrib. from class c.

(5) e P is an orthogonal projection;

e Converges toward Fisher Discriminant when A\ — co.

Non parametric method that allows nonlinear discrimination.
e Problem solved with gradient ascent in the Stiefel manifold S.
e Gradient computed using automatic differentiation of Sinkhorn algorithm.
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Wasserstein Discriminant Analysis (WDA)

Original space Optimal projected space

2 s x’é«%@%

é ; Xxil»( ; § ?‘ §

3 gﬁ‘z‘f Se
- s )gﬁégxg%%&"x&&

Zc,c/>c WA(P#MC,P#MC/) e TV, in entropic reg. OT loss.
max ST W (P#uc, PHue) e 11 is distrib. from class c.
(5) e P is an orthogonal projection;
e Converges toward Fisher Discriminant when \ — oo.

e Non parametric method that allows nonlinear discrimination.

e Problem solved with gradient ascent in the Stiefel manifold S.

Gradient computed using automatic differentiation of Sinkhorn algorithm.
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Wasserstein Discriminant Analysis (WDA)

Example 1 : projected test samples Example 2 : projected test samples
4

-2

-3 -4

4 W in entropic reg. OT loss.
o WA (PH#E, PHuC ¢ W picreg
i Y eerse WA(PH#LS, PH#LS)

PeA S, Wi (P#uc, P#pc) e i€ is distrib. from class c.
(5) e P is an orthogonal projection;

e Converges toward Fisher Discriminant when \ — oo.
e Non parametric method that allows nonlinear discrimination.
e Problem solved with gradient ascent in the Stiefel manifold S.

e Gradient computed using automatic differentiation of Sinkhorn algorithm.
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Joint Distribution Optimal Transport for DA

Training data JDOT model with 7/
° e %
D) e i
=%
> .. ) >
° @
]
°
8 ®
° POADOIIIOIINBOMAD O

X

Learning with JDOT [Courty et al., 2017]

. 5 5 f . s s 2
min {Wl(Ps»Pt ) = TIQ{TZD(Xi,yi;X§,f(X§))Ti,j} (6)
ij

75tf = N% va:‘l dxt p(xt) is the proxy joint feature/label distribution.
D(x},yi: x5, f(x5)) = allxi — xj[I* + L(yi, f(x))) with > 0.
We search for the predictor f that better align the joint distributions.

e OT matrix does the label propagation (no mapping).

JDOT can be seen as minimizing a generalization bound.
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JDOT for large scale deep learning

Loss (9):
> Ly}, f9(27)))
+
3 (o) — gl
Yij +
>\ Ly, fg(27)))

DeepJDOT [Damodaran et al., 2018]

e Learn simultaneously the embedding g and the classifier f.

JDOT performed in the joint embedding/label space.

Use minibatch to estimate OT and update g, f at each iterations.

e Scales to large datasets and estimate a representation for both domains.

TSNE projections of embeddings (MNIST—MNIST-M).
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JDOT for large scale deep learning

Source Only

DeepJDOT [Damodaran et al., 2018]

e Learn simultaneously the embedding g and the classifier f.
JDOT performed in the joint embedding/label space.

Use minibatch to estimate OT and update g, f at each iterations.

e Scales to large datasets and estimate a representation for both domains.

TSNE projections of embeddings (MNIST—MNIST-M).
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DeepJDOT

DeepJDOT [Damodaran et al., 2018]

e Learn simultaneously the embedding g and the classifier f.

JDOT performed in the joint embedding/label space.

Use minibatch to estimate OT and update g, f at each iterations.
Scales to large datasets and estimate a representation for both domains.

TSNE projections of embeddings (MNIST—MNIST-M).
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Structured data as distributions

eoce .
eoe ° sece
E’? } = ZZ hi(g(mivai)

X; :';: } HA = Zz hi(sai

o-o:h, .Gf }Nxzzihié‘”
0@ '’

Graph data representation
m

n
Hs = Z hi5(1ial) Ht = Zgjéyj,bj
i=1 =1

e Nodes are weighted by their mass h; and g;.

e Features values a; and b; can be compared through the common metric

Relationship between nodes is encoded through ||x; — z;|| (shortest path).

e But no common between the structure points z; and y; across graphs. 232



Gromov-Wasserstein distance

Yy

ldx (z,2') — dy (y,%/)
Inspired (again) from Gabriel Peyré

GW distance [Mémoli, 2011]
X = (X,dx,ux) and Y = (Y,dy, py), two mesurable metric spaces.

1
P
GWop.a(px, py :( min Cix —Cj pTz‘,'T’“")

po (X 1) TEH(#XM)”ZM\ LT

Cik = ||zi — ;|| and C; = |ly; — u|| distances in the structures.
e Distance over measures with no common ground space.
e Compares the intrinsic distances in each space (with matrices C' and C").

e Invariant to rotations and translation in either spaces. 28/32



Fused Gromov-Wasserstein distance

gl ,,7——'*‘***’**:'———r,,,,“ g2

Fused Gromov Wasserstein distance [Vayer et al., 2018b]
With s = > | hiba;,a; and i = Z;nzl Gjdy; b; and ¢ > 1, p > 1

FGWypgalps,m)’ = min > ((1—a)M{; + a|Ci . — Cj|*) i mh

(s
mE (prs 51t ) iR

e M; ; = d(ai,bj) is the distance betweens the features.
e « € [0,1] is a trade off parameter between structure and features.

e FGW is a metric for ¢ = 1 a semi metric for ¢ > 1, Vp > 1.
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FGW barycenter on labeled graphs

Noiseless graph Noisy graphs samples
Barycenter an graph compression
e We compute the barycenter of several graphs on n = 15 and n = 7 nodes.
e Barycenter graph is obtained through thresholding of the D matrix.

e Community clustering:

e Approximate a graph with a small number of nodes (clusters)
e OT matrix give the clustering affectation.
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FGW barycenter on labeled graphs

Graph with communities Approximate Graph Clustering with transport matrix

Barycenter an graph compression

e We compute the barycenter of several graphs on n = 15 and n = 7 nodes.

e Barycenter graph is obtained through thresholding of the D matrix.
e Community clustering:

e Approximate a graph with a small number of nodes (clusters)
e OT matrix give the clustering affectation.
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Conclusion and discussion




Future works and open questions

OT matrix y

Future works

e Monge mapping estimation (non linear, statistical properties).
e Minibatch Wasserstein (geometrical regularization).
e Adversarial Wasserstein regularization (pairwise regularization between classes).

e OT on graphs (dictionary learning)

The big questions
e Large scale optimization (solving is OK, optimizing still hard).
e Wasserstein distance and regularization (keep geometry, lose complexity).

e Learning the ground metric.
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Thank you
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DeepJDOT in action

MNIST-M

DeepJDOT [Damodaran et al., 2018]

e Evaluation of DeepJDOT on visual classification tasks.
Digit adaptation between MNIST, USPS, SVHN, MNIST-M.
Home-office [?] and VisDA 2017 [?] dataset.

Ablation study : all terms are important.

TSNE projections of embeddings (MNIST—MNIST-M).
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DeepJDOT in action
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e Evaluation of DeepJDOT on visual classification tasks.

e Digit adaptation between MNIST, USPS, SVHN, MNIST-M.
e Home-office [?] and VisDA 2017 [?] dataset.

e Ablation study : all terms are important.

e TSNE projections of embeddings (MNIST—MNIST-M).

37/32



DeepJDOT in action
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